We prove that a connected topological space with endpoints has exactly two non-cut points and every cut point is a strong cut point; it follows that such a space is a COTS and the only two non-cut points turn out to be endpoints (in each of the two orders) of the COTS. A non-indiscrete connected topological space with exactly two non-cut points and having only finitely many closed points is proved homeomorphic to a finite subspace of the Khalimsky line. Further, it is shown, without assuming any separation axiom, that in a connected and locally connected topological space X, for a, b in X, S [a, b] is compact whenever it is closed. Using this result we show that an H(i) connected and locally connected topological space with exactly two non-cut points is a compact COTS with end points.
proved that the set of all closed points of a connected space X in which there is a proper non-empty connected subset Y that X − Y is a subset of the set of all cut points X , is infinite. This strengthens Theorem 3.7 of [1] where it is assumed that the space is a cut point space. A characterization of the Khalimsky line is obtained in [1] .
Here we obtain a characterization of finite connected subspaces of the Khalimsky line. A connected space having only finitely many closed points is proved to have at least two non-cut points, and such non-indiscrete space which has exactly two non-cut points is proved homeomorphic to a finite subspace of the Khalimsky line.
In Section 4, it is proved that in an H(i) connected space X where the removal of any two-point disconnected set leaves the space disconnected, given any two open or closed points x and y of X , there exist two subsets M and N of X such that M ∪ N = X , M ∩ N = {x, y}, and both M and N are T 1/2 H(i) COTS. Without assuming any separation axiom, we prove that in a connected and locally connected space X , for a and b in X , whenever S [a, b] is closed in X , it is compact. Using this result, it is shown that an H(i) connected and locally connected space with exactly two non-cut points is a compact COTS with endpoints.
Notation, definitions and preliminaries
For notation and definitions, we shall mainly follow [2] . For completeness, we have included some of the standard notation and definitions. By a space, we shall mean a topological space containing at least two points.
If x ∈ X is such that {x} is closed, we say that x is a closed point of X . A space is called T 1/2 if every singleton set is either open or closed. A space X is called H(i) if every open cover of X has a finite subcollection such that the closures of the members of that subcollection cover X . A point x of a space X is called a cut point if there exists a separation of X − {x}. If A|B form a separation of a space X , then we say that each one of A and B is a separating set of X . ct X is used to denote the set of all cut points of a space X . Let x ∈ ct X . A separation A|B of X − {x} is denoted by A x |B x if the dependence of the separation on x is to be specified. A * x is used for the set A x ∪ {x}. Similarly, for a connected subset Y of X − {x}, 
By the definition of a cut point x of a space X , there exists a separation A|B of X − {x}. But the separation need not be unique. To obtain a unique separation, a condition on the separating sets of X − {x} needs to be imposed. That gives rise to a concept stronger than that of a cut point, referred to as strong cut point in [3] . A point x of a space X is called a strong cut point if the separating sets of X − {x} are connected. Lemma 2.1. Let X be a connected space and a, b, x, y ∈ X. Proof. Since X is a connected space with endpoints, so there are two points a and b in X such that X = S [a, b] . Using Lemma 4.1 of [2] , X − {a} and X − {b} are connected sets of X . So a and b are non-cut points of X . As X = S [a, b] and by definition of S [a, b] , every point of S(a, b) is a cut point of X , so every point of X other than a and b is a cut point of X . Therefore X has exactly two non-cut points namely a and b. Now we prove that every point of S(a, b) is a strong cut point of X . For this, let x ∈ S(a, b).
This completes the proof. 2 Lemma 2.11(a) of [3] can be stated as follows. If X is connected and has two points say a and b such that every other point of X is a strong cut point that separates a and b, then X is a COTS with a and b its endpoints (in each of its two orders).
Cut points are not assumed to be strong in the following theorem. 
x ∈ H − Y } as a partially ordered set with respect to set inclusion has a maximal chain, say α, by the Hausdorff Maximal Principle. As elements of a separation, members of the chain are proper subsets of X . Also they are connected by Lemma 2.2(a) of [3] . The union of α, which we call W , is a connected subset of X as α is a chain and members of α are connected. To show H ⊂ W , we assume otherwise, so there is some
Hence α is a required chain. 2
In many of the following results, we assume that Y is a connected proper subset of a connected space X such that
Note that this cannot occur if X is a connected space with endpoints and any other points.
then the endpoints must be in Y , thus all others are as well, since by Theorem 3.1 they separate the endpoints. Proof. Take H = X in Theorem 3.4. Since no A * x (Y ) = X , and our chain covers X , the chain must be infinite. Proof. By the given condition, there exist A * x and A * t in ς such that y ∈ A * x and z ∈ A * t . Since ς is a chain, we suppose that y 1 , y 2 , . . . , y n and z 1 , z 2 , . . . , z n in X . Using Lemma 3.9, there exist A * Using Lemma 3.11, we have the following result which does not assume the space to be a cut point space and thus strengthens Theorem 3.7 of [1] .
Lemma 3.7. Let X be a connected space and Y a proper non-empty connected subset of X such that
X − Y ⊂ ct X. Let x ∈ X − Y be such that {x} is open. Then (A * x (Y )) − ⊂ A * t (Y ) for some t ∈ X − Y , t a closed point of X . Proof. As {x} is open, A x (Y ) is closed, (A * x (Y )) − = (A x (Y ) ∪ {x}) − = (A x (Y )) ∪ ({x}) − . If ({x}) − ∩ B x = φ, then (A * x (Y )) − = A * x (Y )(Y ) ⊂ X − {t} = A t (Y ) ∪ B t . Therefore A * x (Y ) ⊂ A t (Y ), as A * t (Y ) is connected by Lemma 2.2(a) of [3]. Thus (A * x (Y )) − ⊂ (A t (Y )) − = A * t (YA * t ⊂ A * x . Thus y, z ∈ A * x . Let r ∈ S( y, z). If r / ∈ A * x , then A * x ⊂ X − {r} = A r (y) ∪ B r (zx 1 (Y ), A * x 2 (Y ), . . . , A * x n (Y ) in ς such that S[ y i , z i ] ⊂ A * x i (Y ), i = 1,Proof. Let x ∈ X − Y ⊂ ct X . Since Y ⊂ X − {x} = A x ∪ B x
Theorem 3.12. Let X be a connected space and Y a proper non-empty connected subset of X such that X − Y ⊂ ct X. Then the set of closed point of X is infinite.
Proof. By Lemma 3.11, there exists an infinite chain of proper connected sets of the form A * x (Y ) where x ∈ X − Y , x a closed point of X , covering X . If the set of closed points of X is finite, then X is equal to one member of the chain which is not possible as members of the chain are proper subsets of X . Hence the set of closed points of X is infinite. 2
Corollary 3.13. Let X be a connected space. If the set of closed points of X is finite, then X has at least two non-cut points.
Proof. Suppose to the contrary. Then X − ct X has at most one element. There exists some x ∈ X such that X − {x} ⊂ ct X . Taking Y = {x} in Theorem 3.12, we get a contradiction. 2 Lemma 3.14. Let X be a connected space and x ∈ ct X . If the set of closed points of X is finite, then A * x has at least two non-cut points in A * x .
Proof. Since x ∈ ct X , using Lemma 3.1 of [2] , either A x is closed or A * x is closed. Therefore the set of closed points of A * x is finite using the given condition. Thus A * x has at least two non-cut points in A * x by Lemma 2.2(a) of [3] and Corollary 3.13. 2
Lemma 3.15. Let X be a connected space and x ∈ ct X . If the set of closed points of X is finite, then A x contains a non-cut point of X .
Proof. By Lemma 3.14, A * x has at least two non-cut points in A *
x . Now the result follows by Lemma 3.8 of [2] Proof. We can suppose that ct X = φ. Let x ∈ X − {a, b}. By Lemma 3.15, each one of A x and B x contains a non-cut point of X . These non-cut points have to be a and b, because X − ct X = {a, b}. So a ∈ A x and b ∈ B x or conversely. This implies that x ∈ S(a, b). Hence X = S [a, b] . By Theorem 3.2, X is a COTS where the only two non-cut points of X are endpoints (in each of the two orders) of the COTS. Let K , the set of closed points of X contain k elements. Suppose that X − K contains at least k + 2 elements, x 1 , x 2 , x 3 , . . . , x k+2 ; these can be written as
, in an order < of the COTS X . By the given condition, each {x i }, 1 i k + 2, is open in X by Theorem 2.9 of [3] . Since each x i , 1 i k + 1, has a successor, using Lemma 2.8(b) and (c) of [3] , x i has an immediate successor, say y i , such that x i < y i < x i+1 and {y i } is closed in X ; so y i ∈ K . This shows that K contains at least k + 1 elements. Thus X − K contains at most k + 1 elements. Now X being finite, X is homeomorphic to a finite subspace of the Khalimsky line by 2.10 of [3] . 2
H (i) and compact COTS
The following theorem strengthens Theorem 3.17 of [2] . Proof. Let H|K be a separation of X − {x, y}. By Corollary 3.13 of [2] , x and y are non-cut points of X ; so both X − {x} and X − {y} are connected. Since H is a separating subset of (X − {y}) − {x} as well as (X − {x}) − {y}, by Lemma 2.2(a) of [3] , H ∪ {x} and H ∪ {y} are connected; note that their intersection i.e. H is non-empty. Therefore their union H ∪ {x, y} is connected. H being a separating subset of X − {x, y} is open and closed in X − {x, y}. Since each of {x}, {y}, is either open or closed in X , using Lemma 3.6(iii) of [2] inductively, 
o , which is a contradiction to the given condition. This contradiction proves the lemma. 2 
ς being an open covering of K in X , we get a member of H of ς containing p. Local connectedness of X gives a connected neighborhood V of p such that V ⊂ H .
Since p ∈ X − T and p is a limit point of T , V ∩ (A * x (a)) o = φ for some separating set A x (a) of X − {x}, x ∈ M. By Lemma 4.2, x ∈ V , and the proof is complete. 2
Whyburn in [5] proved that in a T 1 connected and locally connected space, for a and b in X , S [a, b] which is closed in X , is compact. We prove this result without using any separation axiom. Let K = {x ∈ K : S[a, x] is covered by a finite subcollection of ς}. We prove that b ∈ K . Suppose to the contrary. Therefore p ∈ K . Now using Lemma 2.1(II), we see that
. This proves our claim. Proof. By Theorem 3.14 of [2] , X = S [a, b] for some a and b in X . Now by Theorems 4.4 and 3.2, X is a compact COTS with endpoints. 2 Remark 4.6. Let X be a T 1 separable H(i) connected and locally connected space with exactly two non-cut points. Then X is homeomorphic with the unit interval.
Proof. By Theorem 4.5, X is a compact COTS with endpoints. X being a T 1 COTS is Hausdorff, using Theorem 2.9 of [3] . Since a separable compact Hausdorff connected and locally connected space with exactly two non-cut points is homeomorphic with the unit interval (see [5] ), X is homeomorphic with the unit interval. 2
